In this paper, we study open-closed string field theory in the background B-field in the so-called α = p + formulation. The string field theory in the infrared gives noncommutative gauge theory in the open string sector. Since this theory includes closed string fields as dynamical variables, we can obtain another string field theory in the same background through the condensation of closed string fields, whose low-energy effective action does not show the noncommutativity of spacetime. Although we have two string field theories in the same background, we show that these theories are equivalent. In fact, we give the unitary transformation from string fields in one of them to string fields in the other.
Introduction
In our previous paper [1] , we studied Witten's open string field theory [2] in the background B-field [1, 3] . In the resulting string field theory, the kinetic term has an ordinary form, except that the metric in the BRS charge of the kinetic term is the open string metric G ij , not the closed string metric g ij . The open string metric G ij is related to the closed string metric g ij by G ij = g ij − b ik g kl b lj , where b ij = (2πα ′ )B ij ; B ij is the background B-field. The interaction term is also affected by the background B-field.
The interaction term of Witten's open string field theory is only the three-string vertex
321 V 3 | |Ψ 1 |Ψ 2 |Ψ 3 . In the presence of the B-field, the three-string vertex V 3 | becomes
. These results are in agreement with the results in [4] . Therefore, we can expect that the low-energy physics is effectively described by noncommutative gauge theory.
The novelty of the papers [1, 3] is that the noncommutative factor e j ] from the three-string vertex, and to expect that the low-energy dynamics is described by an ordinary gauge theory with background field strength B ij . In fact, the unitary operator U (r) cannot be uniquely determined. In the papers [1, 3] , a unitary operator e j , where p L i is given by the integration of the momentum P i (σ) over half a string (0, π/2) and p R i over (π/2, π). Upon the unitary transformation, we obtain the transformed BRS charge e M Q B e −M in the kinetic term and find that it is divergent. It seems that the divergence comes from the midpoint of open strings: σ = π/2. Since the transformed BRS charge should not depend on the types of the string interactions, it is natural to seek candidates for the operator M which can be used in other string field theories, as well as in Witten's string field theory. As we argued in our paper [1] , another operator M has been proposed to be M = −
, which we calledM in [1] . By making use of this operator M , the transformed BRS charge e M Q B e −M can be found to be finite, as we will see below.
Thus, if we perform the unitary transformation Ψ → e −M Ψ, we may expect to obtain another string field theory in the same background B-field, which gives an ordinary gauge theory with the background field strength B ij in the infrared. The aim of this paper is to show that this is indeed the case. To this end, it is appropriate to use an open-closed string field theory, because we have closed string fields as dynamical variables in such a theory.
Since the antisymmetric tensor B ij is a component field of closed string fields, it is easy to understand the background B-field as the condensation of closed string fields. Thus, we
can obtain an open-closed string field theory in the background B-field from the theory in the absence of the B-field by shifting closed string fields by the vacuum expectation value of the dynamical B-field contained in closed string fields. In this paper, we will use an open-closed string field theory recently given by Asakawa, Kugo, and one of the authors [5] [6] [7] .
can be applied to the openclosed string field theory of the papers [5] [6] [7] . Indeed, we can express all the interactions of the string field theory in the B-field by using this operator M and the vertices of the string field theory without the B-field, in the same way as we have done in Witten's string field theory [1, 3] . In this case, we also need the interactions between open string fields and closed string fields. Therefore, one of the new results in our construction is the interaction between open strings and closed strings in the presence of the background B-field. In this paper, one of our main results is to show that this theory can be transformed into the theory obtained by the condensation of closed string fields by the above transformation
This paper is organized as follows: In section 2, we construct the open-closed string field theory in the B-field by solving the overlapping conditions to obtain the string vertices.
In section 3, we obtain another string field theory in the same background as the theory in section 2 by utilizing the condensation of closed string fields. In section 4, we discuss the transformation of the string field theory in section 2 into the theory in section 3 by using the unitary transformation. Section 5 is devoted to discussion. In the appendix, 
Open-Closed String Field Theory in the Background B-Field
Some covariant string field theories have been constructed as covariantized light-cone gauge string field theories in [8] [9] [10] . The theories include unphysical parameters called string length parameters α, which are necessary to describe the joining-splitting vertices instead of the light-cone momentum p + in the light-cone gauge string field theory [11, 12] .
In order to avoid such unphysical parameters, though we have to give up a manifestly Lorentz covariant formulation, we can use the so-called α = p + HIKKO theories [13] , where we eliminate p + and identify α as p + . This formulation still retains gauge invariance and is distinct from the light-cone gauge string field theory in this respect. In the series of papers [5] [6] [7] , an open-closed string field theory has been constructed in the α = p + HIKKO formulation.
In this paper, we will study this theory in a constant background B-field. In general, the gauge invariance of this system is subtle due to the divergence from the dilaton tadpoles.
Although, as shown in [6, 7] , gauge invariance can be maintained by the cancellation of the dilaton tadpoles from the disk amplitude and the crosscap amplitude, we will only consider the oriented sector in the theory. Since D-branes and orientifold plans are the sources of the disk and the crosscap, respectively, we will restrict our study to D-branes, despite the importance of orientifold planes in maintaining the full gauge invariance of the theory 1 .
As we will show in this section, the vertices of our string field theory in the B-field can be obtained by replacing open string fields |Ψ with e M| Ψ in the string field theory with no B-field, where M is a particular operator. The aim of this section is to explain the derivation of this prescription.
Before we construct the string field theory in our background, let us recall some facts about the first-quantized open string theory in this background. The worldsheet action of open strings is
where g ij is a constant background metric and B ij is the constant background antisymmetric field. If the Dirichlet boundary condition is not chosen for all the directions of the string coordinates, the boundary condition can be seen to be g ij ∂ σX j +(2πα ′ )B ij ∂ τX j = 0 at σ = 0, π. For simplicity, we will impose this boundary condition on all the string coordinateŝ
Applying the Dirac quantization method to this system [16, 17] (see also the appendix in [1] ), we obtain the commutation relations 
3)
In the presence of the B-field, the string coordinates becomeX 
and is related to P i (σ) by
From (2.2), we can obtain the commutation relations of these oscillators
As we mentioned at the beginning of this section, in the resulting string field theory with the B-field, we will find that open string fields |Ψ of the theory without the B-field are multiplied by the factor e M . Therefore, it is appropriate to define this operator M before we give the vertices of the string field theory. The operator M is given by
where ǫ(σ) is a step function which is 1 for σ > 0 and −1 for σ < 0. When solving the overlapping conditions to obtain the vertices, we will find that the usual vertices in [5] [6] [7] fail to satisfy those conditions in our background. 2 In Witten's theory, we can use another operator to make the vertices satisfy the overlapping conditions. See [1, 3] for further details.
For closed strings, since we are considering a flat Minkowski spacetime, the B-field cannot alter the dynamics of this system. Indeed, though we have the same worldsheet action as (2.1), except that σ runs from 0 to 2π, not to π, the term including the B-field can be made into a surface term and can thus be discarded. But later it will be convenient to have kept this term in the action. In the language of the Hamiltonian formulation, keeping the surface term means that we have alternative canonical variables X i (σ) and P i (σ); from the action, the momenta P i (σ) can be seen to be (1/2πα
Since the string coordinates obey the usual equation of motion and the periodic boundary condition is imposed on them, they have the usual oscillator expansion
It is obvious that the combination (P i − B ij X ′ j ) has the ordinary expansion of the usual momenta, therefore we obtain
where b ij = (2πα ′ )B ij . By using the usual commutation relations of the string coordinates and the momenta, we can verify that the oscillators satisfy
We will also find it useful to define for closed strings the counterpart of the operator M
The BRS charges in this background are needed to obtain the kinetic terms of our string field theory. In the string field theory, we have the kinetic term of open string fieldŝ |Ψ and that of closed string fields |Φ . Because we have the term including the B-field in the action for closed strings, the BRS charge for closed strings in our background is the same form as that for open strings, when we write them in terms of the string coordinates and the momenta. The ghost part of the BRS charges is not different from the usual one.
The matter part can be given by using the energy-momentum tensor 11) where the prime denotes the differentiation with respect to σ. Here, the above expression (2.11) can be applied to the energy-momentum tensor only for open strings. In order to obtain the energy-momentum tensor for closed strings, we have to replace the string coordinatesX i (σ) with X i (σ) in (2.7) and take away the hat on the energy-momentum tensor. Noting the combination (2πα 
as has been given in [6] 3 . Here g is the open string coupling constant. The sign|Ψ will be used for an open string field in our theory with B-field. The multiple products |Φ n · · · |Φ 2 |Φ 1 of string fields are denoted by |Φ n···21 . In (2.12), we omitted the integrations over the zero modes of the momenta. In the α = p + HIKKO formulation, we identify the α parameter as p + for closed strings and as 2p + for open strings.
We have five interaction vertices in this theory. These vertices can be obtained up to an overall normalization by solving the overlap condition. Similarly, in our background the string vertices are given by the overlapping condition. For example, the open threestring vertex V o 3 (1, 2, 3)| in the case where α 1 , α 2 > 0, α 3 < 0 is explicitly given by the overlapping condition
i (σ r ) of the r-th open string. Here we use the following parameters:
where
(1, 2, 3)| can be used to solve the overlapping condition (2.13) to get our vertex
in the left-hand side of (2.14), we find that those string coordinates do not connect on the vertex by the difference Q i (r) (σ r ) betweenX i (r) (σ r ) and X i (r) (σ r ). Indeed, using (2.14) and (2.4), we find
This equation (2.15) helps us to find our open three-string vertex 16) which is the same expression as that in Witten's open string field theory, as has been found in [3, 1] .
j ] in (2.16) can be rewritten with the operator M , as has been discussed in [1] . In fact, changing the variables σ in (2.6) to the above σ 3 , we find that the operator M for the third string turns into
Putting this operator M (3) on the vertex V o 3 (1, 2, 3)|, due to the overlapping condition (2.13), we can see that the second term in the right-hand side of (2.17) can be converted to M (1) and the third term to M (2) . Furthermore, the first term becomes
by using the momentum conservation.
Thus, 
Also, we can easily verify that the closed three-string vertex remains intact: 
. However, as discussed in the appendix, by taking advantage of the operator M to solve the overlap conditions, we can obtain those vertices
Thus, summing up our results about the vertices in our string field theory, we only have to substitute e M| Ψ for |Ψ in the vertices in the absence of the B-field to obtain all the vertices in our background. Therefore, the action of our string field theory is given bŷ
In the next section, we will obtain an alternative string field theory in the same background through the condensation of the B-field included in closed string fields |Φ .
The Condensation of the B-Field
In the previous section, we obtained the string field theory in the background B-field by constructing the vertices as the solutions of the overlapping conditions. The dynamical variables of this field theory are closed string fields as well as open string ones. Since the B-field is a component field of closed string fields, the background B-field can be obtained through the condensation of closed string fields. Therefore, beginning with the open-closed string field theory (2.12) in the absence of the background B-field, and shifting closed string fields by the vacuum expectation value of the B-field, we obtain a string field theory in the same background as that in the previous section. The resulting theory is different from the theory in the previous section, because only the BRS charge is affected by the condensation. Unfortunately, it is difficult to shift closed string fields by a finite vacuum expectation value. Therefore, we will demonstrate the shifting by an infinitesimal amount in the string field theory. Then, integrating the infinitesimal change of the BRS charge under the shifting, we can find the string field theory in the finite B-field.
The Background Independence of the String Vertices
Before calculating the contraction of the string vertices with the shifted closed string fields, we need to understand what remains unchanged under the change of the background B-field: B ij → B ij + δB ij , as Kugo and Zwiebach have done in [13] . Although they dealt with the closed string field theory compactified on a torus, we will follow their method and extend the assumption to our system of open strings as well as closed strings. Indeed, we assume that the string coordinates X i and their momenta P i of open strings and closed strings are background independent. In the previous section, we have dealt with the string coordinatesX i (σ). These coordinates satisfy the boundary condition: ∂ σX j −θ ij P j = 0 at σ = 0, π. If we assumed thatX i (σ) was background independent, it would be inconsistent with this boundary condition. To avoid this inconsistency, since
should assume that, rather thanX i (σ), the string coordinates X i (σ) of open strings are background independent, as is the momenta P j (σ).
By applying this assumption to the energy-momentum tensor of closed strings, as we can see from (2.11), under the infinitesimal change of the background B-field, we can obtain the variation of the energy-momentum tensor
Since the BRS charge for closed strings is given by
its variation turns out to be
If we had dealt with the BRS charge for open strings in the above and had replaced the string coordinatesX i (σ) with the background-independent coordinates X i (σ), we would have obtained the variation of the BRS charge in the same form as (3.3) except for the integration over (0, π) instead of (0, 2π).
By using (2.7) and (2.8), in terms of the string coordinates and the momenta, we can express the oscillators for closed strings as
Here we labeled the oscillators with the letter B as (α 
In fact, since e Here, we also labeled the Fock vacua with the letter B to show its dependence on the B-field.
In the next subsection, we will try to find the string field theory in the background B-field by gradually increasing the amount of the background B-field. We will do this by taking advantage of the condensation of closed string fields. This condensation turns out to only affect the kinetic term, i.e., the BRS charge, but not the interaction terms. Therefore, in this paper, we will assume that the string vertices are background independent. This is also supported by the fact that the string vertices are specified up to an overall normalization factor by the overlapping conditions which are written in terms of the string coordinates X i (σ) and their momenta P i (σ).
The Calculation for the Shifting of Closed String Fields
An infinitesimal vacuum expectation value of the B-field contained in closed string fields |Φ is given by
where δB ij is the infinitesimal constant background of the B-field and x c is the numerical factor [6] included in the closed three-string vertex. In addition, c − 0 is the zero mode of the reparametrization ghost and is given by the combination c 0 −c 0 . |1, 1 B denotes the state c 1c1 |0, 0 B . By shifting closed string fields as |Φ → |Φ + |δΦ in (2.12), we can obtain an open-closed string field theory in the background B-field. To calculate this shifting in (2.12), we will follow the prescription [18] given by LeClair, Peskin, and Preitschopf, which will facilitate our calculation.
The essential point of the prescription [18] is to take advantage of conformal field theory. The LPP vertices give the relation between vertices in string field theory and correlation functions in the corresponding conformal field theory, as we will see below. In the action (2.12), in terms of the LPP vertices v(n, · · · , 2, 1)|, we can write the five vertices
where the vertices denoted by the small letters are the LPP vertices. The parameter σ 0 is a moduli parameter of the vertices and P is the operator which projects onto the L 0 =L 0 sector for closed strings. The necessity of the inserted anti-ghosts operator b is explained in [19, 6] . In particular, b 
where the right-hand side denotes the correlation function of the operators O A r transformed by the conformal mappings h r in the conformal field theory. Here, the string fields |A r r are O A |0 r , and each string field |A r r corresponds to a unit disc |w r | ≤ 1 of which the corresponding operator O A r is inserted at the origin. These unit discs are mapped by h r into a single complex z-plane to glue the strings. In particular, if the operator O is a primary field φ(w,w) of weight (d,d), it is transformed by the conformal mapping
As a simple example, the reflector for open strings is defined by
where I(z) = −1/z [18] . For our calculation later, it will be useful to introduce another definition of the reflector . In terms of these variables, |δΦ can be written as
To accurately formulate our calculation, it is useful to introduce a 'regularized' state Using the property of the LPP vertex, we find that
where we introduce the label ǫ for the above mappings h r to remind us that the light-cone momentum p + of the third string is infinitesimal: α 3 ∼ ǫ. In the right-hand side of (3.17), since the operator cc∂X i∂ X j contracted with the antisymmetric tensor δB ij in the shift is a primary field with its weight (0, 0) and h 3 (w 3 = 0) = Z 3 , we have used the fact that
In the limit α 3 → 0, we can see from (3.16) that the mappings h ǫ r become h R r , which are the conformal mappings to give the reflector for closed strings: the counterpart of the mapping associated with the reflector (3.13) for open strings. The insertion point Z 3 goes to the interaction point z 0 on the z-plane. Therefore, the operator cc∂X i∂ X j (Z 3 ,Z 3 ) in the right-hand side of (3.17) becomes cc∂X i∂ X j (z 0 ,z 0 ). Since the interaction z 0 corresponds to the point w 1 = 1 of the first string, we can regard the operator cc∂X i∂ X j (z 0 ,z 0 ) as
. Thus, we find that
where we dropped the states |A 2 and |B 1 , when the both sides are contracted with δB ij .
Since we made no assumptions in choosing these states, (3.18) should hold identically.
When we contract the closed three-string vertex V 
Since the projection operator P is given by (1/2π) 
where c(σ) = e −iσ c(e iσ ) = n c n e −inσ andc(σ) = e iσc (e −iσ ) = nc n e inσ . Furthermore,
−iσ ) in (3.21) can be written in terms of the string coordinates and the momenta as A i (σ)Ā j (σ) where
As we can see from (3.3), (3.23) can certainly be interpreted as the change of the BRS charge and we obtain the final result of this calculation where the string length parameters α r satisfy r α r = 0, and
0 /α 1 ) and ρ 
0 will be denoted by σ 0 . The Koba-Nielsen variables Z 1 , Z 2 of the open strings are real, while Z 3 and Z 3 * of the closed string are complex numbers satisfying that
Before calculating the contraction
, it is useful to introduce the open string counterpart of the operator B, which will be denoted by B o :
Since the vertex U Ω (1, 2, 3 c )| in the case where α 1 , α 3 ≥ 0 α 2 ≤ 0 satisfies the overlapping condition
we can see that
Since, by our assumption, the vertex U Ω (1, 2, 3 c )| is background independent and
, we can see from (3.27) that
Thus, in the following, we will calculate the contraction
, where there is no background B-field. Hence, for the sake of simplicity, we will omit from the states and the oscillators the label 0, which means no background B-field. After the calculation, we will restore the label.
In a similar way to what we have done for the closed three-string vertex, using the property of the LPP vertex, we find that
(3.29)
Here the anti-ghost factor is given [6] by
We can rewrite the anti-ghost factor as
where we have used
As we can see from the Mandelstam mapping of (3.25), when α 3 goes to zero, we can obtain the following equations: The first equation means that the interaction point z 0 goes to Z 3 in the limit α 3 → 0.
Then, we can evaluate the ghost part of the correlation function (3.29),
whereρ denotes the mapping (3.25) in the limit α 3 → 0. In the same limit, since z 0 → Z 3 , the insertion point of the operator cc∂X i∂ X j becomes equal to the interaction point ρ 0 on the ρ plane. Because this point corresponds to the point σ (1) = (σ 0 /α 1 ) on the worldsheet of the first string, we can see that
where we have used (dz/dρ) = (w 1 /α 1 )(dz/dw 1 ) and the anti-holomorphic counterpart, when the both sides are contracted with δB ij .
Substituting (3.34) and (3.35) into (3.29) and scaling σ 0 as σ 0 → α 1 σ 0 , we find that
where ρ 0 = e iσ 0 . In the paper [6] , it was shown that the BRS invariance of the action requires that 8πix Ω = x c , which we will apply to (3.36). Since
−n−1 , in terms of the string coordinates i∂ σ X i (σ) = l s n =0 α i n sin(nσ) and the momenta P i (σ) = (1/πl s ) n g ij α j n cos(nσ) for open strings, the operator ∂X i∂ X j (ρ 0 , ρ * 0 ) turns out to be −(1/4) 2πα
Therefore, we can verify that (3.36) becomes
(3.37)
Here σ 0 has been renamed σ. Thus, as we can see from (3.28), U Ω (1, 2, 3 c )| |δΦ B 3 in the presence of the B-field becomes
o , (3.38) where the operator e −B Now, let us show that the operator
is equal to the variation of the BRS charge for the open strings. We have
where we define that δ s (σ, σ
. We can also prove that
where f (σ) and g(σ) are cos(nσ) or sin(nσ) with n ≥ 0. Furthermore, even when either
is σ, (3.41) still holds. By using (3.40) and (3.41), we find that (3.39) becomes 
where the energy-momentum tensor T ±± is
Note that this BRS charge Q B (B) is different from the BRS chargeQ B in the previous section in the usage of X i (σ) instead ofX i (σ). Thus, we obtain that
At last, we can find another string field theory in the finite B-field by making use of (3.24) and (3.45):
where Q B (B) for closed strings is given by (3.2) and for open strings by (3.43).
The Unitary Transformation between the Two SFTs
In By the unitary transformation, the 'noncommutative' string coordinates
The second term in the right-hand side of (4.2) can be seen from (3.41) to be vanishing, when it is included in an integrand. Therefore, in the transformed BRS charge e
all we have to do is to replace the string coordinatesX i (σ) with the ordinary coordinates
. This means that e MQ B e −M is equal to the BRS charge Q B in the commutative theory. Thus, the noncommutative theory is mapped to the commutative theory by the unitary transformation (4.1).
Discussion
In this paper, we have obtained two open-closed string field theories in the same background. One gives a noncommutative gauge theory in the low-energy limit, while the other is expected to give an ordinary gauge theory with the constant background field strength B ij in the infrared. In section 4, we have shown that these theories can be transformed into each other by the unitary operator.
As we mentioned in the footnote in section 2, our oriented open-closed string field theory does not maintain the full gauge invariance. Since we need worldsheets to be orientable to include the background B-field, it would be preferable to have an open-closed string field theory in an appropriate curved background to maintain the gauge invariance by using the Fischler-Susskind mechanism [15] , while the orientability of worldsheets is kept, as has been argued in [14] . Besides this issue, the condensation of closed string fields we have dealt with only satisfies the equation of motion from the string field theory up to the next leading order of the string coupling constant g, mainly because, at least at present, we do not have the complete action of a fully gauge invariant oriented open-closed string field theory. However, everything we have shown in this paper would remain true at the leading order of the coupling constant g, even in such a gauge invariant string field theory.
This paper was motivated by the papers [1, 3] . Since the kinetic term in Witten's string field theory is the same as the kinetic term in our string field theory in this paper, it is natural to think that Witten's theory transformed by the unitary operator could give an ordinary gauge theory with the background field strength in the low-energy limit. Although, in Witten's open string field theory, we do not have explicit closed string fields, by using the above transformed theory, we might be able to discuss an infinitesimal variation of the background B-field in a similar way to the discussion in [21] . This may lead us to the understanding of the gauge symmetry
Witten's string field theory. 
